In a recent experiment a wake was created in a two-dimensional lattice of charged dust grains by a charge moving parallel to the lattice plane. Multiple ''Mach cones'' were observed in the wake. This paper describes a linear theory of the phonon wake caused by a charge moving relative to a crystalline lattice. The theory predicts multiple structures in the wake that are qualitatively similar to those observed in the experiments. These structures are caused by constructive interference of compressional phonons excited by the moving charge, combined with the strongly dispersive nature of these phonons.
I. INTRODUCTION
The wake created by an object moving with respect to a medium is a ubiquitous phenomenon, occurring on astronomical scales ͑e.g., the earth's magnetotail formed by interaction with the solar wind͒, human scales ͑e.g., the shock wave behind a supersonic airplane͒, and microscopic scales ͑e.g., Cherenkov radiation created by a rapidly moving elementary charge͒. In some cases the dynamics of the wake is nonlinear ͑as in the first two examples͒, whereas in other cases a linear analysis suffices ͑as in the last example͒. In these ͑and other͒ examples the structure of the wake has received close scrutiny, and in some cases it is still a topic of current research.
Recently the wake created in a crystal lattice by a moving charge was observed and measured. 1, 2 In condensed matter physics, the interaction of moving charges with a lattice is clearly of great significance. For example, the excitation of phonons during ion implantation is known to be an important process. 3 However, the spatial characteristics of the wake created by a moving charge in a crystal has not received much attention ͑to our knowledge͒, possibly because the spatial scales involved are typically small, and the time scales are fast ͑set by the atomic spacing and the sound speed, respectively͒. These difficulties were avoided in the aforementioned experiments, because the crystal consisted of a two-dimensional ͑2D͒ triangular lattice of charged dust grains ͑polymer microspheres͒ with large spacing, aӍ250 microns. The grains were levitated against the force of gravity in the sheath of a rf plasma discharge. A charge ͑another microsphere, or possibly an agglomeration of several microspheres͒ moving parallel to the crystal plane with nearly constant speed U of only a few cm/s perturbed the positions of the dust grains, creating a wake in the lattice that could be imaged with a digital camera.
The wake had some expected features as well as several unexplained structures. As expected, a ''Mach cone'' was observed, in which a perturbation was concentrated in a cone with opening angle ␤, and had an angle of propagation ϭ 0 that obeyed the usual Mach conditions, ␤ϭ 0 , c͑0 ͒ϭU sin 0 , ͑1͒
͓where c(0) is the sound speed of long-wavelength phonons͔. The angles and ␤ are defined in Fig. 1 . ͓The angle of propagation for a wave with wave number k is ϭtan Ϫ1 (k y /k x ); the angle ␤ is defined for a given displacement (x 0 ,y 0 ) from the moving charge as ␤ϭtan Ϫ1 (x 0 / (Ϫ)y 0 ).͔ Equation ͑1͒ merely prescribes that surfaces of constant phase keep pace with the moving charge, so that the driven wave can be resonant with the charge. However, several other ''Mach cones'' with different ͑smaller͒ opening angles also appeared in both experiments and simulations, and these structures were unexplained. This paper outlines a general linear theory for the wake induced by a charge moving at constant velocity with respect to a 2D crystalline lattice. The theory should be valid at the high densities associated with regular condensed matter. When applied to a 2D dust plasma lattice, the theory predicts multiple structures in the wake that are qualitatively similar to those observed in the experiments and simulations. The multiple wake structures are a consequence of the stronglydispersive nature of compressional phonons ͑sound waves͒ in a 2D lattice. The excited waves satisfy the Mach condition, cϭU sin but cϭc(k) so different excited waves travel at different propagation angles, ϭ(k). Phase mixing of the various excited waves causes constructive and destructive interference. As a result, along a line defined by some given opening angle ␤ we will show that specific wave numbers kϭk 0 (␤) are dominant, and in general the propagation angle for these wave numbers is not equal to ␤. These wave numbers form the observed multiple wakes.
Such structures do not occur in the single Mach cone shock wave surrounding a particle in air that moves faster than the speed of sound. This is because air is much less dispersive than a 2D lattice, so Eq. ͑1͒ is nearly correct for all significant wave numbers. On the other hand, many other media have strong dispersion and therefore also exhibit multiple wake structures. Probably the best known example is the so-called ''Kelvin wedge'' that forms behind a ship moving in deep water, caused by the strong linear dispersion of deep water surface waves.
In a 2D crystal, the phonon wake structure depends on the speed of the moving particle, U. When UϾc(0), we find that there is a linear Mach cone satisfying Eq. ͑1͒ along with a secondary ''lateral'' oscillatory wake with smaller angles ␤ and . In addition, there is a narrow wake due to umklapp phonons ͑phonons from beyond the first Brillouin zone of the lattice͒ that is superimposed on the lateral wake. The wave crests are displayed in Fig. 2͑a͒ . The narrow umklapp wake is sensitive to details such as the direction of motion of the charge with respect to the lattice. However, the Mach cone and the lateral wake at larger opening angles are insensitive to these details.
For UϽc(0) the Mach cone disappears and is replaced by a ''transverse'' oscillatory wake similar to that behind a moving ship in deep water. 4 This sort of wake is displayed in Fig. 2͑b͒ . The theory behind Figs. 2͑a͒ and 2͑b͒ will be the subject of the next section.
II. THEORY
Consider an infinite lattice of identical charged dust grains, with charge Q and mass m, confined to the x -y plane in the sheath of a background plasma. A moving charge below the plane, with projected (x,y) position r c (t)ϭx c x ϩUtŷ at time t, creates a force Ϫٌ⌽(r i Ϫr c (t)) on the ith dust grain, at position r i . The grains interact with one another via a Yukawa potential (͉r i Ϫr j ͉), where
and where is the Debye screening length of the background plasma sheath. This is a good approximation for particles suspended at the same height in the plasma sheath. The potential ⌽(r) is less-well understood, since the moving charge is at a different height in the sheath than the dust grains. Some research has pointed to an attractive interaction between grains at different heights; [7] [8] [9] others have observed grain repulsion in some circumstances. 5, 6 In what follows we will leave ⌽ an unknown function. We will soon see that the wake structure depends on ⌽, and the current experimental data together with the theory imply that ⌽ cannot be a purely attractive potential; the force between the moving charge and the grains either changes sign or is purely repulsive.
Assuming that the perturbed dust grain position ␦r i is small, ␦r i satisfies the following linearized equation of motion:
where is a phenomenological damping rate, caused by collisions of the grains with neutral gas. This linear equation can be solved for the driven response of the dust grains to the force of the moving charge by introducing phonon coordinates and Fourier transforming. The result of this analysis is 
where ⌽ (k)ϭ͐d 2 r⌽(r)e Ϫik"r is the Fourier integral of ⌽(r) and ␣ (k) and ê ␣ (k) are the frequency and polarization unit vector of a phonon with wave number k. In the wave number integral in Eq. ͑3͒, ␣ and ê ␣ are periodic functions of k, repeating in each Brillouin zone of the 2D triangular lattice. The subscript ␣ denotes the type of phonon; ␣ 2 (k) and ê ␣ (k) are the eigenvalue and eigenvector, respectively, of a matrix M(k), where
For a 2D lattice, this matrix is 2ϫ2, with two types of phonons, termed compressional and shear ͓for kaӶ1, ê (k)ʈ or Ќ k, respectively͔. The frequency of the phonons in the first Brillouin zone is shown in Fig. 3 along two directions. The lattice is assumed to be oriented with respect to x and y as shown in Fig. 1 . Contours of constant frequency are shown across several Brillouin zones for the compressional mode in Fig. 4 . The phase velocity of the compressional phonons is larger than that of the shear branch. 1, 10 The wake is therefore dominated by the compressional branch, and we will concentrate on the compressional phonons in the remainder of the paper. Some other numerical and analytic results for the compressional modes are discussed in the Appendix.
The wave number integral in Eq. ͑3͒ is dominated by the pole, at ␣ 2 ϭk y 2 U 2 Ϫik y U. Dropping the imaginary part, we denote k y 0 (k x ) as the solution to the resonance condition
Note that this resonance condition is just the Mach condition cϵ/kϭU sin , where ϭtan Ϫ1 (k y /k x ) is the angle of propagation. Solutions of Eq. ͑5͒ for k y 0 (k x ) for the compressional phonons are shown in Fig. 4 for several values of U, and for Debye length equal to interparticle spacing in the Yukawa potential. Only solutions with k y 0 Ͼ0 are shown, although the symmetry of the lattice implies that Ϫk y 0 (Ϫk x ) is also a solution. Wave numbers beyond the first Brillouin zone correspond to umklapp phonons, and should be referred back to wave numbers in the first Brillouin zone by subtracting out a reciprocal lattice wave vector:
k→kϪg, where gϭn(0, 4/ͱ3a) ϩm(2/ͱ3a,2/a), and m and n are integers.
One may observe in Fig. 4 that when UϾc(0), k y 0 →0 as k x →0. This is because Ϸc(0)k at small k, so Eq. ͑5͒ approaches Eq. ͑1͒ and k y 0 ϭ͉k x ͉tan 0 as k x →0. On the other hand, for UϽc(0), Eq. ͑1͒ no longer has a solution, and k y 0 no longer approaches zero as k x →0.
In fact, for sufficiently small U/c(0), one can see from Fig. 4 that k y 0 is no longer even in the first Brillouin zone for any k x value. Referring such high-wave-number solutions back to the first Brillouin zone, we see that umklapp phonons are excited nearly isotropically by a slow-moving charge. However, the experiments were performed for UϾc(0), so we will concentrate on this case for the moment.
Returning to the evaluation of the k y integral in Eq. ͑3͒, it is convenient to work in a coordinate frame moving with the charge, so we define (x 0 ,y 0 )ϭr i Ϫr c (t). Equation ͑3͒
shows that the wake is stationary in the moving frame. The location of the pole in the k y integral can be found approximately assuming is small; 3͒ , so the above argument implies that the wake should be trailing, as was in fact observed.
Evaluation of the k y integral in Eq. ͑3͒, keeping only the contribution from the pole, then yields
͑6͒
where H(x)ϭ(1Ϫsgn(x))/2 is a step function, and where ␦v i is the perturbed velocity of a dust grain at site i ͑this is the observable quantity in the experiments͒. Only solutions of Eq. ͑5͒ with k y 0 Ͼ0 are required in Eq. ͑6͒. Solutions with k y 0 Ͻ0 are already accounted for by taking twice the real part of the integral, recalling that solutions of Eq. ͑5͒ have reflection symmetry through the origin. Also, note that for given k x there may be more than one positive solution for k y 0 (k x ) ͓see Fig. 4 at small U/c(0), for example͔. One must then sum over all such positive solutions in Eq. ͑6͒.
For large values of ͉x 0 ͉ or ͉y 0 ͉, the integral in Eq. ͑6͒ can be evaluated using the method of stationary phase. 11 At a given location (x 0 ,y 0 ) behind the moving charge, the k x integral is dominated by value͑s͒ of k x , k x 0 , that satisfy ‫(ץ‬k x x 0 ϩk y 0 (k x )y 0 )/‫ץ‬k x ͉ k x ϭk x 0 ϭ0. This implies the following relation between the opening angle ␤ and the dominant wave number k 0 ,
where k 0 ϵ(k x 0 ,k y 0 (k x 0 )). Here we have used Eq. ͑5͒ to determine ‫ץ‬k y 0 /‫ץ‬k x . Keeping only the contribution from the compressional mode, and dropping the polarization subscript ␣, the stationary phase points k 0 yield the following value for the integral in Eq. ͑6͒:
͑9͒
Note that k 0 ϭk 0 (␤) through Eq. ͑7͒, and that Eq. ͑8͒ is valid only where ͉y 0 u(k 0 that are superimposed on one another. Most of these oscillations are at very high wave number, beyond the first Brillouin zone, and hence are of low amplitude since ⌽ (k)→0 at large k. However, when UϾc(0) there is a single k x 0 (␤) solution at small wave numbers, and this k x 0 value approaches zero as ␤ increases towards a maximum.
The maximum ␤ value can be determined by using the long wavelength dispersion relation, ϭc(0)k, in Eqs. ͑5͒ and ͑7͒. The result is
The line x 0 ϭϪy 0 (tan ␤) max defines an opening angle ␤ ϭ 0 that satisfies the Mach condition, Eq. ͑1͒. According to our stationary phase approximation, Eq. ͑8͒, there is no wake beyond this opening angle when UϾc(0). However, this approximation is not precisely correct, because Eq. ͑8͒ breaks down as k x 0 →0, since u→0 there ͓see Fig. 5 and Eq. ͑9͔͒. The structure of this linear Mach cone can be determined analytically by keeping a slightly more accurate expression for , valid at small k,
where AϾ0 for the compressional phonons. ͑Here we neglect the slight dependence of A on propagation direction in a triangular Yukawa lattice. Examination of the exact dispersion relation using Eq. ͑4͒ reveals that ͉͓A() ϪA(0)͔/A(0)͉Ͻ1% for /aտ1. This is discussed in more detail in the Appendix.͒ Equation ͑5͒ then implies that
͑12͒
where UϾc(0) is assumed, and 0 is given by Eq. ͑1͒. Noting that the compressional mode has ê (k)ϭk at long wavelengths, Eq. ͑6͒ yields the following expression for the velocity of the wake in the linear Mach cone:
where zϭx 0 ϩsgn͉k x ͉y 0 tan 0 , bϭA sin 0 ͉y 0 ͉/c(0)cos 5 0 , and aӶ1 is assumed, as we are interested only in the long wavelengths that contribute in the stationary phase approximation to the linear Mach cone around z/͉y 0 ͉ϭ0 ͑i.e., x ϷϮy 0 tan 0 ). We have used Eq. ͑1͒ for 0 , along with v g y Ӎc(0)sin 0 ͑valid for kaӶ1). Assuming that ͉y 0 ͉ӷa ͑but that ͉z/͉y 0 ͉Ӷ1), we can then take →ϱ, and the integral can be evaluated analytically, yielding
where sϭ͉x 0 ͉ϩy 0 tan 0 , ŝ ϭ(sgn(x 0 )cos 0 ,sin 0 ) is a unit vector transverse to the Mach cone, pointing in the forward direction, and A i Ј(x) is the derivative of an Airy function.
Note that ⌽ (0)ϭ͐d 2 r⌽(r) is a real number. Equation ͑14͒ is only valid near the Mach cone, for ͉s/y 0 ͉Ӷ1. The form of the wake is displayed in Fig. 6 , assuming no damping ͑ϭ0͒. One can see that the wake decays exponentially in the forward direction (s increasing͒ and oscillates toward the rear (sϽ0). Each crest in the oscillation corresponds to a line in Fig. 2͑a͒ . The distance between crests has a scale length of (3b) 1/3 , and this scale length is small compared to ͉y 0 ͉ for ͉y 0 ͉ large. Therefore, several oscillations in the lateral wake are described by Eq. ͑14͒, provided that one looks well behind the moving charge.
One can easily show that ␦v Mach •ŝ has an extremum at sϭ0, and the extremum value is a repulsive potential and ⌽ (0)Ͻ0 implies an attractive potential. For instance, for a purely repulsive potential the derivative of ⌽(r) with respect to r is negative at all rϾ0, and ⌽(r) is zero at infinity. This necessarily implies that the radial average of ⌽(r) is greater than zero. Thus, the fact that ␦v mach pointed forward in the experiments implies that the force between the moving charge and the dust grains cannot be purely attractive; the force must have a significant repulsive component, and may even be purely repulsive.
In the experiments and simulations of Refs. 1 and 2, the wake velocity reversed direction in each successive ''Mach cone'' as one counted back from the initial Mach cone. This is consistent with the oscillatory form of the wake, as shown in Figs. 2 and 6 . ͓Note that in Fig. 2 , locations of the wave crests are drawn, assuming a repulsive interaction between the grains and the moving charge. There are also troughs ͑not shown͒ between the crests where the wake velocity reverses direction.͔ Summarizing the results so far, for UϾc (0) The oscillation at relatively large opening angles behind the Mach cone is termed a ''lateral wake,'' in analogy to the similar structure behind a moving ship. 4 The complex set of criss-crossing extrema directly behind the moving charge are superimposed on the slower-varying lateral wake. They are a result of the large-wave number umklapp phonon solutions for k x 0 (␤). The extent to which these solutions actually affect the wake depends on the magnitude of ⌽ (k) at large k. For example, if ⌽ (k) were zero for wave numbers beyond the first Brillouin zone, only the lateral wake and the Mach cone would appear.
Note that the wavefronts in the lateral wake curve outward until they are parallel to the Mach cone at large distances behind the moving charge. However, if finite damping is added to the solution, these wavefronts decay exponentially before they achieve the same opening angle as the Mach cone. The experiments and simulations, which had finite damping, also observed that the secondary wavefronts had smaller opening angles than the Mach cone.
1,2
We now turn to the case where the grain moves with speed UϽc(0), a case which has not yet been reported in the experiments. In this regime there is no longer a solution to Eq. ͑1͒, and consequently the Mach cone disappears ͓see also Eq. ͑15͒ in the limit cos 0 →0]. Now a new small-wavenumber solution for k x 0 (␤) appears, corresponding to a transverse wake that is superimposed on the lateral wake ͑see Fig. 5͒ . The appearance of the transverse wake can be understood analytically when 0рc(0)/UϪ1Ӷ1. In this regime, the transverse wake has wave numbers k 0 Ӷa Ϫ1 , so Eq. ͑11͒ holds. Then Eqs. ͑7͒ and ͑11͒ can be combined to give tan ␤ϭ
where v g ϭc(0)Ϫ3Ak 2 is the magnitude of the group velocity, and cϭc(k)ϭc(0)ϪAk 2 is the magnitude of the phase velocity. We may now regard the opening angle ␤ as a function of k. This function is double-valued at small k; there are two values of k for every ␤, indicating two wakes. This is because a maximum in ␤(k) exists, at k max ϭͱ3(c(0)ϪU)/2A, for c(0)/UϪ1 small ͑but positive͒. The range kϾk max corresponds to the lateral wake, but k Ͻk max corresponds to the new transverse wake. This wake also has k bounded from below, kуk min , where k min ϭͱ(c(0)ϪU)/A, in order that c(k) 2 /U 2 р1. At kϭk min , tan ␤ϭ0, so kϭk min corresponds to the wave number of the transverse wake on a line directly behind the moving charge. The wave number kϭk max corresponds to the maximum value of ␤, beyond which there is no wake. For small but positive c(0)/UϪ1, Eq. ͑16͒ implies
This shows that as U increases and approaches c(0) from below, ␤→/2 and the wake opens up until it fills the entire half-plane behind the charge. As U increases further, Eq. ͑10͒ becomes valid and the wake beings to narrow again. At kϭk max , the transverse and lateral wakes meet. At this point u(k 0 )ϭ0, Eq. ͑8͒ breaks down, and the amplitude of the wake is large. One can show that uϾ0 for the transverse wake and uϽ0 for the lateral wake ͑see Fig. 5͒ , so according to Eq. ͑8͒ there is a 1/4 period phase shift between the two wakes. The resulting structure is shown in Fig. 2͑b͒ for the same parameters as Fig. 2͑a͒ , except now U/c(0) ϭ0.8. As before, the figure shows the maxima of sin͓k 0
•(x 0 ,y 0 )ϩ/4 sgn(y 0 u(k 0 ))͔. In addition to the transverse and lateral wakes, there is a narrow band of umklapp phonons caused by high wave number components of ⌽(k), similar to that in Fig. 2͑a͒ . As U/c(0) decreases further, this band increases in width as the lateral wake decreases in width, and eventually these umklapp phonons dominate the wake structure.
III. DISCUSSION
We have shown that the wake of compressional phonons excited in a 2D crystal lattice by a moving charge has a structure which depends on two dimensionless parameters: the ratio of the speed U of the charge compared to the phase speed of long wavelength phonons, c(0); and the ratio of the Debye screening length in the intergrain interaction to the spacing between dust grains, a. When U/c(0)Ͼ1, a linear Mach cone and lateral wake form, along with a series of relatively high wave number structures directly behind the charge ͓see Fig. 2͑a͔͒ . This type of wake is qualitatively similar to that observed in recent experiments on 2D plasma crystals. When U/c(0)Ͻ1, the Mach cone is predicted to disappear, to be replaced by a transverse wake ͓Fig. 2͑b͔͒. This type of wake has not yet been observed.
The structure of the wake also depends on the interaction between the dust grains and the moving charge. The form of this interaction is presently the subject of debate. [5] [6] [7] [8] [9] Our theory analysis of the wakes observed in Refs. 1 and 2 implies that the interaction between the grains and the moving charge cannot be purely attractive; the force either changes sign or is purely repulsive. The fact that the spatial average of the effective interaction potential is positive ͓⌽ (0)Ͼ0͔ implies that there must be a substantial repulsive component to the force. This could be accomplished in several ways: through a purely repulsive force, or a repulsive tail at large radial displacements, or a strong short-range repulsion, for example.
The dependence of the wake structure on /a can be understood from Eq. ͑14͒, when UϾc(0). The scale length of the wake appearing in this equation, (3b) 1/3 , depends implicitly on /a through A and c(0). For fixed U/c(0)Ͼ1, the scale length increases as /a, increases, varying roughly as (/a) 2/3 when /aϾ1. ͓This follows from the mean field forms of c(0) and A, Eqs. ͑A6͒ and ͑A9͒.͔ Since the form of the wake depends on both /a and U/c(0), and since c(0) depends on the charge Q on the dust grains, experimental measurement of the wake structure could be used to determine both Q and , independent from other measurement techniques.
A particularly striking example of the dependence of the wake on the Debye length is the case of a purely Coulombic interaction with ϭϱ. In this limit, long wavelength compressional phonons have infinite phase speed in a 2D lattice ͓i.e., c(0)→ϱ ͑Ref. 12͔͒ ͑see the Appendix͒. Thus, for a Coulomb interaction between the charges no Mach cone should be formed, even for very large U, and the wake should be of the type shown in Fig. 2͑b͒ .
While the limit of a pure Coulomb interaction is difficult to achieve in dust-plasma experiments due to the shielding effect of the background plasma, 2D lattices interacting via a Coulomb force have been created in Penning traps. 13 It may be possible to excite a wake in such a 2D Coulomb crystal, perhaps by using a laser spot moving with respect to the lattice, as discussed in Ref. 2. However, the strong imposed magnetic field in a Penning trap would affect the form of the wake, and the theory for this physical situation remains to be worked out.
The theory presented here has assumed linear dynamics for the dust grains. While this approximation appears to be sufficient to explain qualitative aspects of the wake structure, nonlinear effects could play an important role if the interaction ⌽ between the moving charge and the grains is sufficiently strong. One might then expect that an elastic shock could form, similar to those that have been studied in solid materials.
14 This possibility will be the subject of future work.
The theory presented here also assumes that the moving charge has constant velocity. In fact, the wake itself carries momentum away, creating a drag force on the charge. Since the charge in the experiment is observed to move at nearly constant speed, presumably some external force is acting in the experiments to counteract the effects of the wake drag as well as drag due to neutral gas. The drag from the phonon wake is the condensed-matter equivalent of the drag due to inverse-Landau-damping in a collisionless plasma, 15 or the ''wave resistance'' on a moving ship. 16 The magnitude of this drag force, together with its dependence on velocity and the particle interaction, will be the subject of future work. 
͑A4͒
For a Yukawa potential these integrals can be performed analytically, yielding
. ͑A5͒
The long-wavelength limit of this expression yields a meanfield result for c(0), c MF (0),
Comparing to the exact result in Fig. 7 shows that c MF (0) works reasonably well except for a positive offset. This is caused by the effect of nearby particles ͑small r) in the integral in Eq. ͑A4͒. A semianalytic approximation that works well for /aտ0. 
͑A7͒
Note that for →ϱ, c MF 2 (0)→ϱ. In fact, Eq. ͑A5͒ shows that in this limit ͑the limit of a pure Coulombic interaction͒, the mean-field dispersion relation is This dispersion relation is identical to that for deep water surface gravity waves, 2 ϭgk, with 2Q 2 n D /m taking the role of the acceleration of gravity g. Therefore, the longwavelength features of the wake in a 2D Coulomb crystal should strongly resemble the Kelvin wedge behind a moving ship in deep water.
Finally, we note that several of our results, such as the functional form of the Mach cone, depend on the cubic term in the dispersion relation, ϪAk 3 ͓see Eq. ͑11͔͒. An analytic approximation to A can be obtained in the mean-field approximation from Eq. ͑A5͒,
.
͑A9͒
In a triangular lattice A actually varies slightly with propagation direction. This slight variation is shown for a few cases in Fig. 8 
